Characters of Two-Row Representations of the Symmetric Group

Brian G. Wybourne, Norbert Flocke and Jacek Karwowski

Instytut Fizyki, Uniwersytet Mikołaja Kopernika, Grudzia̧dzka 5, 87-100 Toruń, Poland

Abstract: Characters of irreducible representations (irreps) of the symmetric group corresponding to the two-row Young diagrams, i.e. describing transformation properties of

N-electron eigenfunctions of the total spin operators, have been expressed as explicit func-

tions of the number of electrons N and of the total spin quantum number S. The formulae are useful in various areas of theory of many-electron systems, particularly in designing algorithms for evaluation of spectral density moments.

Key words: Symmetric group, irreducible representations (irreps), Young diagrams, characters of irreps, statistical theory of spectra, N-electron spin eigenfunctions.

1. Introduction

The eigenfunctions of the square of the N-electron spin operator corresponding to an eigenvalue S(S + 1) form a basis for the irreducible representation (irreps) of the symmetric group S_N described by a two-row Young diagram with p = N 2 + S (1) boxes in the first row and q = N 2 − S (2) boxes in the second row. This property of the total spin eigen-spaces results in many applications, such as the development of the symmetric group approach to the theory of N-electron systems [1], the formulation of the so called spin-free quantum chemistry [2], numerous applications in the theory of atomic spectra [3], in the theory of magnetism [4], in the statistical theory of spectra [5], and so on. One of advantages of these approaches is a possibility of expressing the coupling constants which appear in formulae for quantummechanical expectation values, in terms of matrix elements of the appropriate representations of the symmetric group. In consequence, quantities, which are expressible in terms of traces of the operators (like e.g. averages and moments) depend upon the the characters of the pertinent representations. In these applications one is interested in formulae for the characters rather then character tables since having the formulae one can easily explore the dependence on the number of particles and on the spin quantum numbers.

The problem of evaluation of the characters of irreps of S_N has been solved many years ago [6]. General algorithms have been formulated by Gamba [7] and by Butler and King [8]. In all these works, procedures for the evaluation of the characters of a given representation of S_N have been formulated. In the case of two-row representations, these methods allow for the evaluation of the character for arbitrary, but specified, values of S and N. On the other hand, the characters in the form of explicit functions of N and S are needed in atomic and molecular structure theory. The character expressions for the identity permutation

χ^{[p,q]}_{[1N ]} ≡ f(S, N) = 2S + 1 N + 1 ( N + 1 N/2 − S ) , (3)

(equal to the dimension of the representation) and for the class of transpositions χ^{[p,q]}_{[1N} �_{2 2]} =

4S(S + 1) + N(N − 4) 2N(N − 1) f(S, N) (4) have already been derived by Heisenberg [9]. Similar expressions for [1^N�^t t], t = 3, 4, 5 and for [1^N�^4 2^2] have been reported by Corson [10]. Recently, simple expressions for the classes [1^N�^t t] and [1^N�^s�^t s t] with arbitrary s and t have been obtained from the Murnaghan-Nakayama rule [11]. In this note, a general expression for an arbitrary two-row representation character is given. The derivation is based on the algorithm of Butler and King [8].

2. The general algorithm

The two-row representation character χ^{[p,q]}_{(α)} corresponding to the class of S_N defined by the partition (α) = (1^{α1} 2^{α2} . . . t^{αt} ), (5) with t∑ k=1 kα_k = p + q = N, (6) is an integer function of t + 2 parameters: of p, q (i.e. of N, S) and of α_k, k = 1, 2, . . . , t. Due to the constraint (6) only t of them are independent. Most frequently one is interested in the dependence of the characters upon N and S for a fixed (α). For the two-row representations, Eq. (4.9) of Butler and King [8] may be rewritten as χ^{[p,q]}_{(α)} = q∑ x=0 C(x) f^{<q}�^{x>} α1 , (7) where f^{<x>}_{α1} = (α_1 + 1 − 2x)α_1! x! (α_1 + 1 − x)!

, (8) and C(x) = ∑ (β) p+q∏ k=2 ( α_k β_k ) , (9) with (β) = (2^{β2} 3^{β3} . . . t^{βt} ) (10) standing for a partition of x with no part smaller than 2. Obviously, t∑ k=2 kβ_k = x. (11)

The values of f^{<x>}_{α1} are related to the dimensions of the irreps of S_{α1} :

f^{<x>}_{α1} = χ^{[α1}�^{x,x]} 1^α1 if 0 ≤ x ≤ α1 2 , −χ^{[x}�^{1,α1}�^{x+1]}

1^α1 if α1 2 < x ≤ α_1 + 1.

(12)

If x = (α_1 + 1)/2 or x > α_1 + 1, then f^{<x>}_{α1} = 0. Therefore, if q > α_1 + 1, the lower limit of the sum over x in Eq. (7) may be set equal to q − α_1 − 1. Besides, since f^{<x>}_{α1} = −f^{<α1}�^{x+1>} α1 , (13) Eq. (7) simplifies to

χ^{[p,q]}_{(α)} =

[^{α1}_2 ]∑ x=0 [C(q − x) − C(q − α_1 − 1 + x)] f^{<x>}_{α1} , (14)

where [ α1 2 ] stands for the integer part of^{α1}_2 . In particular, if α_1 < 2 then

χ^{[p,q]}_{(α)} = C(q) − C(b). (15)

According to Eq. (9), C(x) is evaluated as follows: (1) List the partitions of (x) having no part smaller than 2; (2) Replace each partition (2^{β2} 3^{β3} . . . t^{βt} ) by the binomial coefficient product ( α2 β2 ) ( α3 β3 ) · · · ( αt βt )

(3) Get C(x) as the sum of the binomial coefficient products found in (1). Thus, the first few coefficients of the character formula become

C(0) = 1, C(1) = 0, C(2) = α_2, C(3) = α_3, C(4) =^1_2 α_2(α_2 − 1) + α_4, C(5) = α_2α_3 + α_5, C(6) =^1_6 α_2(α_2 − 1)(α_2 − 2) +^1_2 α_3(α_3 − 1) + α_2α_4 + α_6, C(7) =^1_2 α_2(α_2 − 1)α_3 + α_3α_4 + α_2α_5 + α_7, C(8) =^1_{24} α_2(α_2 − 1)(α_2 − 2)(α_2 − 3) +^1_2 α_2α_3(α_3 − 1) +^1_2 α_2(α_2 − 1)α_4 +^1_2 α_4(α_4 − 1) + α_3α_5 + α_2α_6 + α_8.

3. Stabilization Property

It is easy to see that, in general, C(x) does not depend upon α_y when y > x. Hence, according to Eq. (7), χ^{[p,q]}_{(α)} does not depend upon those parts α_y of the partition of N which are larger than q. In particular,

χ^{[p,0]}_{(α)} = 1, χ^{[p,1]}_{(α)} = α_1 − 1, χ^{[p,2]}_{(α)} = 1 2 α_1(α_1 − 3) + α_2, χ^{[p,3]}_{(α)} = 1 6 α_1(α_1 − 1)(α_1 − 5) + (α_1 − 1)α_2 + α_3.

Similar expressions for larger q values may readily be obtained by combining Eqs. (7), (8) and (9). This observation is a special case of a general stabilization rule for the symmetric group characters [12].

Since S =^N_2 −q, a knowledge of C(k), k = 0, 1, . . . , q, is sufficient to determine all of the characters for systems with S ≥^N_2 − q. Therefore, in high-spin systems only the ”short-cycle” part of the permutation defines the character formula. More specifically, if S =^N_2 − q, then the corresponding characters do not depend upon α_{q+1}, α_{q+2}, . . .. Alternatively, it may be formulated as follows: Let (σ) be a partition of p + q with no part larger than q and let (μ) be a partition of k with all parts larger than q, then

χ^{[p+k,q]} (μσ) = χ [p,q] (σ) . (16)

The irreps of S_N are labelled by ordered partitions of N. In the case of the two-row representations, the standard ordering implies that q ≤ p. Partitions that are not in standard order can be modified to produce equivalent standard S_N irreps using the modification rules of Littlewood [13], [14]. For two-part partitions this amounts to [p, q] ⇒ −[q − 1, p + 1]. If p = q − 1 then the result is null. Thus, χ^{[p,q]}_{(σ)} = −χ^{[q}�^{1,p+1]}

(σ) . (17) Combining the stabilization property and the S_N modification rule one may derive interesting symmetry relations between the two-row representation characters. Indeed, according to Eqs. (16) and (17), for every k > p + 1, we have

χ^{[p+k,q]} (μσ) = χ [pq] (σ) = −χ^{[q}�^{1,p+1]}

(σ) = −χ^{[k+q}�^{1,p+1]}

(μσ) . (18)

Another interesting, though probably less important, relation holds for the dimensions of the irreps. Namely, as one can easily check,

f(S, n) = f(S + 1, n), if n = (2S + 2)^2 − 2, (19) f(S, n) = f(S + 2, n), if n = (2S + 3)^2 − 3. (20)

It seems, however, that no similar relations exist between f(S, n) and f(S + Δ, n) if Δ > 2.

4. Some Special Cases

Cases where (α) is composed of only several different cycles are both the simplest and the most important in applications. If (α) = 1^N�^tt, then the only binomial coefficient which contributes to Eq. (9) is

(_1 βt ) . Hence,

χ^{[p,q]}_{[1N} �_{t t]} = f^{<q>}_N�_t + f^{<q}�^{t>}_N�_t . (21)

This formula is equivalent to Eq. (29) of ref. [11]. It reduces to Eq. (4) for t = 2 and to the results of Corson [10] for t = 3, 4, 5. In the case of (α) = 1^N�^{tαt} t^{αt} , there may be several non-zero C coefficients: C(t) = ( αt 1 ) , C(2t) = ( αt 2 ) , . . ., C(mt) = ( αt m ) , where m = min(α_t, [ q t ] ) and int(a). Then,

χ^{[p,q]}_{[1}α_{1 t}α_{t ]} = m∑ n=0 ( α_t n ) f^{<q}�^{nt>} α1 , (22)

with α_1 = N − tα_t.

A similar procedure may also be applied in more complicated cases. For example, if (α) = 1^{α1} s^{αs} t^{αt} with α_1 = N − sα_s − tα_t then

χ^{[p,q]}_{[1}α_{1 s}α_{s t}α_{t ]} = ∑ nsnt ( α_s n_s )( α_t n_t ) f^{<q}�^{ns s}�^{nt t>} α1 , (23)

where the sum is extended over all terms for which n_ss + n_tt ≤ q, n_s ≤ α_s and n_t ≤ α_t.

5. Concluding Remarks

The formulae for the symmetric group characters presented in this paper supply a general tool for expressing spectral density distribution moments of the Heisenberg Hamiltonian in terms of the number of particles N = p + q and of the total spin S =^1_2 (p − q). For other model Hamiltonians, these formulae are also useful since the irreducible characters appear in numerous expressions defining the appropriate moments [5].

The stabilization property of the characters (16) may allow the expression of more complicated propagation coefficients in terms of simpler ones. Also the symmetry relation (18) may be essential for simplifying some asymptotic expressions. However their significance for statistical spectroscopy has to be explored in more detail.

Acknowledgement:

This work has been supported by the Polish KBN under projects No. 2 P03B 011 08 and 2 P302 078 07.

References

[1] M. Kotani, Proc. Phys. Math. Soc. Japan 19, 460 (1937); T. Yamanouchi, Proc. Phys. Math. Soc. Japan 20, 547 (1938); E. M. Corson, Perturbation Methods in the Quantum Mechanics of N-Electron Systems, Blackie, London 1951; J. Karwowski, Theoret. Chim. Acta 29, 151 (1973); W. Duch and J. Karwowski, Comput. Phys. Rep. 2, 95 (1985); R. Pauncz, The Symmetric Group in Quantum Chemistry, CRC Press, Inc. Boca Raton, Florida 1995.

[2] F. A. Matsen, Adv. Quantum Chem. 1, 59 (1964);

[3] R. D. Cowan, The Theory of Atomic Structure and Spectra, Univ. of California Press, Berkeley 1981.

[4] W. Opȩchowski, Physica 4, 181 (1937); C. Domb and P. J. Wood, Proc.

Phys. Soc. (London) 86, 1 (1965); D. J. Klein, W. A. Seitz, M. A. Garcia-Bach, J. M. Picone and D. C. Foyt, Int. J. Quantum Chem. S 17, 555 (1983).

[5] J. Planelles and J. Karwowski, Theoret. Chim. Acta 82, 239 (1992);

J. Planelles, C. Valdemoro and J. Karwowski, Phys. Rev. A 41, 2391 (1990); M. Nomura, Phys. Letters 117, 289 (1986); 126, 1 (1987).

[6] F. D. Murnaghan, The Theory of Group Representations, Dover, New York 1938; for more recent results see e. g. B. E. Sagan, The Symmetric

Group (Wadsworth & Brooks/Cole, Pacific Grove, California 1991). [7] A. Gamba, Atti Accad. Naz. Lincei Cl. Sci. Fiz. Mat. Nat. Rend. 12, 167 (1952).

[8] P. H. Butler and R. C. King, J. Math. Phys. 14, 1176 (1973). [9] W. Heisenberg, Z. Phys. 49, 619 (1928). [10] E. M. Corson, Phys. Rev. 73, 57 (1948).

[11] J. Jurkowski and J. Karwowski, Lith. J. Phys. 35, 171 (1995). [12] R. C. King and B. G. Wybourne, J. Phys. A: Math. Gen. 23, L1193 (1990).

[13] D. E. Littlewood, The Theory of Group Characters, 2-nd edn., Claredon, Oxford 1950.

[14] R. C. King, B. G. Wybourne and M. Yang, J. Phys. A: Math. Gen. 22, 4519 (1989).